Abstract. We prove that if µ is a Radon measure on the Heisenberg group H n such that the density Θ s (µ, ·), computed with respect to the Korányi metric dH , exists and is positive and finite on a set of positive µ measure, then s is an integer. The proof relies on an analysis of uniformly distributed measures on (H n , dH ). We provide a number of examples of such measures, illustrating both the similarities and the striking differences of this sub-Riemannian setting from its Euclidean counterpart.
Introduction and Notation
Let µ be a Radon measure on a metric space (X, d). For 0 ≤ s < ∞ the upper and lower s-densities of µ at x ∈ X are defined respectively by Θ * s (µ, x) = lim sup In the case when Θ * s (µ, x) = Θ s * (µ, x), their common value is called the s-density of µ at x and is denoted by Θ s (µ, x). Recall that in the case of R n equipped with the usual Euclidean metric, the Lebesgue density theorem [?, Corollary 2.14] asserts that whenever A is L n -measurable, then Θ n (L n A, x) = 2 n for L n -a.e. x ∈ A and Θ n (L n A, x) = 0 for L n -a.e. x ∈ R n \ A. Here L n A denotes the restriction of the n-dimensional Lebesgue measure on A. Similar, but much weaker, results hold for Hausdorff and packing measures, see [?, Chapter 6] and [?] .
Densities, and their connections to their underlying measures, have been studied extensively in the context of geometric measure theory since the pioneering work of Besicovitch [?] in the 1940's. One of the fundamental questions in this line of research is the following: assuming that µ is a Radon measure such that Θ s (µ, x) exists for µ-a.e. x what can be said about the properties of the measure µ? A major contribution due to Marstrand [?] asserts that, in the Euclidean setting, if the s-density exists µ-a.e then s is an integer. In his seminal paper [?] , Preiss showed that if the m-density of a Radon measure µ in R n , m ∈ [0, n], exists µ-a.e. then the measure µ is rectifiable, that is, there exist countably many m-dimensional Lipschitz graphs M i such that µ(R n \ ∪ i M i ) = 0 and µ is absolutely continuous with respect to the m-dimensional Hausdorff measure H m . For an informative and highly readable presentation of the theorem of Preiss we refer the reader to the monograph by De Lellis [?] .
Obtaining analogues of the Marstrand and Preiss theorems for other metric spaces remains an interesting and highly non-trivial problem, see e.g. [?, p. 112] . Lorent [?] , [?] , [?] considered metrics defined by polytope norms on finite-dimensional vector spaces. Our main goal in this paper is to prove Marstrand's theorem for the Heisenberg group equipped with a metric of sub-Riemannian type.
We now state the basic facts about the Heisenberg group needed in this paper. For an extensive treatment of the Heisenberg group from a variety of perspectives see e.g. [?] or [?] . The Heisenberg group H n , identified with R 2n+1 , is a non-abelian Lie group whose group operation is given by x · y = (x 1 + y 1 , . . . , x 2n + y 2n , x 2n+1 + y 2n+1 + A(x ′ , y ′ )), where x = (x ′ , x 2n+1 ) = (x 1 , . . . , x 2n , x 2n+1 ) and y = (y ′ , y 2n+1 ) = (y 1 , . . . , y 2n , y 2n+1 ) and A denotes the symplectic form on R 2n given by
(x j y j+n − x j+n y j ).
For any q ∈ H n and r > 0, let τ q : H n → H n be the left translation τ q (p) = q · p and let δ r : H n → H n be the dilation δ r (p) = (rp 1 , . . . , rp 2n , r 2 p 2n+1 ).
These dilations are group homomorphisms. We denote by e = (0, 0) ∈ R 2n × R the neutral element of H n . The Korányi metric d H on H n is defined by
for all x, y, z ∈ H n , and the dilations satisfy d H (δ r (x), δ r (y)) = rd H (x, y) for all x, y ∈ H n and r > 0. The closed and open balls with respect to d H will be denoted by B(x, r) and U (x, r) respectively. The d H -diameter of a set S ⊂ H n will be denoted diam H S. Finally, the Euclidean metric on H n will be denoted by d E .
We denote by H s H , s ≥ 0, the s-dimensional Hausdorff measure obtained from the metric d H , i.e. for E ⊂ H n and δ > 0, H s H (E) = sup δ>0 H s H,δ (E), where
In the same manner the s-dimensional spherical Hausdorff measure for E ⊂ H n is defined as S s H (E) = sup δ>0 S s H,δ (E), where
Translation invariance and dilation homogeneity of the Hausdorff measures follow as usual, therefore for A ⊂ H n , p ∈ H n , s ≥ 0 and r > 0,
and the same relations hold for the spherical Hausdorff measures as well. We will denote by dim H (A) the Hausdorff dimension of a set A ⊂ H n with respect to the metric d H , and by dim E (A) the Hausdorff dimension with respect to the Euclidean metric in H n . It is well known that the Hausdorff dimension of the metric space (H n , d H ) is equal to Q = 2n + 2. Our main result reads as follows.
Theorem 1.2. Let s > 0 and suppose that there exists a Radon measure µ on (H n , d H ) such that the density Θ s (µ, ·) exists and is positive and finite in a set of positive µ measure. Then s is an integer.
Our proof does not follow the scheme of Marstrand's original proof. Instead we adopt and modify accordingly an argument due to Kirchheim and Preiss, who provided a different proof of Marstrand's theorem in [?] . It is unknown to us if Marstrand's original proofwhich has a strong Euclidean flavor-could be applied in the setting of the Heisenberg group. The proof of Kirchheim and Preiss relies on the geometric analysis of uniformly distributed measures. Such an analysis is of independent interest. Let us recall the definition.
for all x, y ∈ supp(µ) and r > 0.
A particular class of uniformly distributed measures are the s-uniform measures. for all x ∈ supp(µ) and r > 0.
As in the proof of Kirchheim and Preiss an essential ingredient in the proof of Theorem 1.2 is the fact that the support of any uniformly distributed measure in H n is a real analytic variety in R 2n+1 . We show that at µ-a.e. point where the s-density exists, there exist weak limits of blow-ups of µ which are s-uniform. In particular, these measures are uniformly distributed, hence their supports are real analytic varieties with Hausdorff dimension s. Using Lojasiewicz's structure theorem on analytic varieties and the fact that smooth submanifolds in H n have integer Hausdorff dimension (see Section 2 for details), we conclude that s is an integer.
In Section 4 we discuss uniform and uniformly distributed measures in H n providing also several examples. The classification of uniform and uniformly distributed measures in R n is a very difficult and largely unresolved problem. Marstrand's density theorem implies that there are no s-uniform measures for s / ∈ N. Preiss in [?] showed that for m = 1, 2, any m-uniform measure is m-flat, which means that it is of the form c H m V , where c is a positive constant and V is an m-dimensional subspace. In the remarkable paper [?], Kowalski and Preiss proved that H 3 C is 3-uniform, where
4 } is the light cone in R 4 . Moreover they showed that every (n − 1)-uniform measure in R n is either (n − 1)-flat or is a constant multiple of H n−1 on some isometric copy of C × R n−4 . The classification of m-uniform measures in R n remains open for m = 1, 2, n − 1. Recently Tolsa in [?] showed that m-uniform measures are uniformly m-rectifiable for any m ≤ n in R n . Uniform measures were also an essential tool in obtaining a new characterization of uniform rectifiability in [?] . A characterization of uniformly distributed measures exists only for R; this is due to Kirchheim and Preiss [?] . In a future paper, we intend to return to the study of uniform and uniformly distributed measures and the Kowalski-Preiss theorem in H n .
We emphasize that Marstrand's density problem is highly dependent on the metric and potentially sensitive to bi-Lipschitz deformation. It is an interesting open problem whether Theorem 1.2 holds for other metrics of sub-Riemannian type on H n , or for metrics on more general Carnot groups. Among the features of the Korányi metric d H which enable the Kirchheim-Preiss argument to be transferred to this setting is the following analyticity criterion: there exists a strictly decreasing real analytic function g : [0, ∞) → R so that g(t) decays to zero exponentially as t → ∞ and g • d H is real analytic on R 2n+1 × R 2n+1 . (In the proof of Theorem 1.2 we use g(t) = e −t 4 .) We also employ Proposition 2.2 on the integrality of the Hausdorff dimensions of smooth submanifolds of H n and the local uniformity of the spherical Hausdorff measure at transverse points. The latter results have been generalized to other Carnot groups, sometimes only for submanifolds of a specific type or of a specific dimension. The validity of such blowup estimates and related integral formulas for the spherical Hausdorff measure, for arbitrary submanifolds in arbitrary Carnot groups, remains a challenging problem of ongoing interest. This general program has been intensively investigated by Magnani and his collaborators, see the references cited in section 2.
As mentioned earlier, only a few analogues of the Marstrand and Preiss theorems in other metric spaces are known. In particular, it is not known for which metrics on a Euclidean space R N Marstrand's theorem is valid. The following result in this direction is an easy consequence of Theorem 1.2. We equip R n+1 with the metric
where x = (x ′ , x 2n+1 ) and y = (y ′ , y 2n+1 ) are in R n × R = R n+1 . Note that d is translation invariant for the usual abelian group law on R n+1 . To see that the function d is a metric, it suffices to note that (R n+1 , d) is isometric to the subgroup (W, d H ), where
Denote by B d (x, r) the ball of radius r and center x in (R n+1 , d).
exists and is finite and positive in a set of positive µ measure. Then s is an integer.
Proof. Define a measureμ on H n byμ(A) = µ(A 1 ), where
Thenμ is a Radon measure on H n and
The result follows from Theorem 1.2.
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2. Differential geometry of submanifolds in the Heisenberg group 2.1. Homogeneous subgroups. A basic class of uniform measures in the Heisenberg group H n consists of the natural volume measures on homogeneous subgroups. Recall that a subgroup S ⊂ H n is homogeneous if it is closed under the dilation semigroup, i.e., δ r (x) ∈ S whenever x ∈ S and r > 0. Homogeneous subgroups of H n come in two flavors. A subgroup V is said to be a horizontal homogeneous subgroup if V = V ×(0) ⊂ R 2n ×R, where V is an isotropic subspace of R 2n . (Recall that a subspace V ⊂ R 2n is said to be isotropic if the symplectic form A defined in (1.1) vanishes on V .) The topological dimension of a horizontal homogeneous subgroup can be any value k ∈ {1, . . . , n}. A subgroup W is said to be a vertical homogeneous subgroup if W = W × R ⊂ R 2n × R, where W is any subspace of R 2n . Vertical subgroups can have any topological dimension k ∈ {1, . . . , 2n}. Horizontal and vertical homogeneous subgroups are both linear subspaces of the underlying Euclidean space R 2n+1 , however, their intrinsic metric structure as subsets of the Heisenberg group H n are quite diffferent. In particular, denoting by k ′ the sub-Riemannian dimension of such a subgroup, we note that k ′ = k for k-dimensional horizontal homogeneous subgroups and k ′ = k + 1 for k-dimensional vertical homogeneous subgroups [?, §2.4]. The natural volume measure on such a subgroup Σ is the standard Lebesgue measure, which agrees up to a constant multiple with the restriction of the spherical Hausdorff measure, S k ′ H Σ, and also with the bi-invariant Haar measure [?, Proposition 2.32]. In connection with this paper the following result is of particular interest.
Proof. Since Σ is both homogeneous and a subgroup, [?] . In this paper we only need to recall the relevant results in the setting of the Heisenberg group H n equipped with the Korányi metric.
Before stating these results we remind the reader that the sub-Riemannian differential geometric structure of H n derives from the fundamental notion of the horizontal distribution HH n which is a completely nonintegrable subbundle of the tangent bundle. The fiber H x H n , called the horizontal tangent space of H n at x, is the span of the values at x of the left invariant vector fields
, where j = 1, . . . , n. 
The case k ′ = k + 1 corresponds to nonhorizontal submanifolds, for which at least one tangent space T x Σ is transverse to the corresponding horizontal tangent space H x H n . Naturally, the distinction drawn here corresponds precisely to the distinction between horizontal and vertical homogeneous subgroups in subsection 2.1.
The asymptotic uniformity of S k ′ H M holds at points of maximal degree, i.e., points x ∈ Σ where the local degree d Σ (x) coincides with d(Σ). For the definition of d Σ (x) in general Carnot groups, see [?, p. 208] . In the present setting the value of d Σ (x) for a kdimensional submanifold Σ is simply given by k if T x Σ ⊂ H x H n and by k + 1 otherwise. 
Uniformly distributed measures and the proof of Marstrand's theorem
For a uniformly distributed measure µ in H n it is easy to see that
for every x ∈ H n and every 0 < s < r < ∞, where f µ : (0, ∞) → (0, ∞) is defined by f µ (s) = µ(B(x, s)) for any x ∈ supp(µ). The proof of (3.1) is identical to the one of [?, Lemma 1.1].
Proposition 3.2. Let µ be a uniformly distributed measure in H n . Then supp(µ) is a real analytic variety in R 2n+1 and dim H (supp(µ)) is an integer.
, which is the Haar measure in H n , hence trivially dim H (supp(µ)) = 2n + 2. Therefore we can assume that supp(µ) = H n . Let x 0 ∈ supp(µ) and define
for x ∈ H n and s > 0. Using [?, Theorem 1.15] we get,
for all x, y ∈ supp(µ) and all s > 0, and hence the function F (x, s) is well defined as it does not depend on the choice of x 0 . Using (3.3) and (3.1) we also deduce that F (x, s) is finite for all x ∈ H n and s > 0, since
We will show that x ∈ supp(µ) if and only if F (x, s) = 0 for all s > 0. By (3.4) if x ∈ supp(µ) then F (x, s) = 0 for all s > 0. Now let x / ∈ supp(µ), it suffices to show that there exists s > 0 such that F (x, s) = 0. Let ε ∈ (0, 1) such that B(x, ε) ∩ supp(µ) = 0. In that case, splitting the integral into annuli B(x, (k + 1)ε) \ B(x, kε) and using (3.1) we get
Noting that
we deduce that
Hence there exists some s x ∈ (0, ∞) such that for all s > s x
that is F (x, s) = 0 for s > s x . Therefore we have shown that
We now fix s > 0. In order to show that F (x) := F (x, s) is a real analytic function on R 2n+1 it suffices to show that
is real analytic. We defineF 1 :
It follows thatF 1 is holomorphic on C 2n+1 , and as a consequence F 1 =F 1 | R 2n+1 is real analytic in R 2n+1 . Since the intersection of any family of analytic varieties is an analytic variety, see e.g.
[?], we deduce that supp(µ) is a real analytic variety in R 2n+1 . It remains to show that dim H (supp(µ)) is an integer. We have shown that the support of µ in (H n , d H ) is an m-dimensional analytic variety of R 2n+1 for some m ∈ N. According to Lojasiewicz's Structure Theorem for real analytic varieties (see for example section 6.3 in [?]), supp(µ) can be written as the union of countably many analytic submanifolds of R 2n+1 whose dimensions vary between 0 and m. An application of part (1) of Proposition 2.2 finishes the proof.
Let µ be a Radon measure on a metric space (X, d). A family of closed balls F is said to be a Vitali relation for a set S ⊂ X if for every A ⊂ S there exists a disjoint, countable family of balls {B i } i∈I ⊂ F such that µ(A \ ∪ i∈I B i ) = 0.
Theorem 3.5. Let (X, d) and µ be as above. Let G ⊂ X and 0 < α < β < ∞ such that for every x ∈ G there exists some r 0 (x) > 0 such that µ(B(x, αr)) ≤ βµ(B(x, r)) for all 0 < r < r 0 (x). Then the family of closed balls F = {B(x, r) : x ∈ G, r < r 0 (x)} is a Vitali relation for G.
The proof of Theorem 3.5 follows after a few straightforward modifications in the proof of [?, Theorem 1.6]. Using Theorem 3.5 we obtain the following version of the Lebesgue differentiation theorem.
Theorem 3.6. Let µ be a Radon measure on a metric space X and let f be a nonnegative locally integrable function. If there exists a set G ⊂ X as in Theorem 3.5 then
for µ-a.e. x ∈ G.
We omit the proof of Theorem 3.6 as it follows very closely the proof of [?, Theorem 1.8].
Proof of Theorem 1.2. By assumption the set
is non-empty. It follows easily that for every x ∈ G there exists some r 0 (x) > 0 such that µ(B(x, 2r)) ≤ 2 s+1 µ(B(x, r)) for all r < r 0 (x). In particular, by Theorem 3.5 the family of closed balls
is a Vitali relation in G. We consider the Borel measurable functions We now pick some x 0 ∈ B which satisfies (3.7) and define a sequence of measures {ν k } k∈N by
Notice that for N ∈ N,
Therefore, since C 0 (H n ) is separable under the sup-norm, we can apply [?, Theorem 1.23] in order to extract a subsequence (ν k i ) converging to a Radon measure ν. In the sequel we use the standard facts that 
we easily conclude that supp(ν) is nonempty. Let x ∈ supp(ν), R > 0 and ε < R. By (3.7) we have lim
Using also the fact that
we conclude that there exist points
where the final inequality follows because the functions g k converge uniformly to d. In a similar manner we obtain that
Letting ε → 0 we conclude that ν is an s-uniform measure. Hence we deduce, see e.g. [?, Theorem 2.4.3] , that dim H (supp(ν)) = s. By Proposition 3.2, supp(ν) is a real analytic variety in H n and in particular dim H (supp(ν)) and hence also s, is an integer. Let µ be a Radon measure in H n . The image f # µ under a map f : H n → H n is the measure on H n defined by
For a ∈ H n and r > 0, T a,r : H n → H n is defined for all p ∈ H n by
Definition 3.9. Let µ be a Radon measure on H n . We say that ν is a tangent measure of µ at a ∈ H n if ν is a Radon measure on H n with ν(H n ) > 0 and there are positive numbers c i and r i , i = 1, 2, . . . , such that r i → 0 and
We denote by Tan(µ, a) the set of all tangent measures of µ at a. Proof. Since supp(µ) is bounded, the function F (x, s) from Proposition 3.2 admits the expansion
It easily follows that F (x, s) = 0 for every s > 0 if and only if the functions
vanish for every j = 1, 2, . . .. Each P j is a polynomial in the coordinates of the point x ∈ H n . As in the proof of Corollary 1.6 of [?] , an appeal to Hilbert's theorem for polynomials over a Noetherian ring implies that supp(µ) coincides with the simultaneous vanishing set of finitely many of the polynomials P j , whence supp(µ) is an algebraic variety.
Examples and discussion
In this section we exhibit uniform or uniformly distributed measures in the Heisenberg group H n equipped with the Korányi metric d H . New phenomena arise which lack any Euclidean counterpart. Numerous questions remain; we indicate several of these in the course of our discussion. 4.1. Uniform measures. We have already remarked (see section 2.1) that the volume measure on any homogeneous subgroup of H n is uniform. In particular, vertical hypersurfaces of H n support (Q − 1)-uniform measures. Recall that Q = 2n + 2 is the Hausdorff dimension of (H n , d H ). In Euclidean space R n , the classification of uniform measures supported on hypersurfaces (possibly with singularities) is due to Kowalski and Preiss [?] : any such measure is a constant multiple of the Hausdorff measure H n−1 supported on either a hyperplane or an isometric image of C × R n−4 where C denotes the light cone
The Kowalski-Preiss light cone example can be isometrically embedded into Heisenberg groups of sufficiently large dimension, yielding new examples of uniform measures supported on submanifolds. Note that due to the geometry of the Heisenberg group we do not obtain that the codimension one algebraic variety
supports a (Q − 1)-uniform measure. We do however obtain the following
It is well known that the isometries of H n are generated by left translations, by the 'reflection' (x 1 , . . . , x 2n+1 ) → (−x 1 , . . . , −x n , x n+1 , . . . , x 2n , −x 2n+1 ), and by the rotations (x ′ , x 2n+1 ) → (Ax ′ , x 2n+1 ), where A ∈ U (n) acts on the point (x 1 + ix n+1 , . . . , x n + ix 2n ) ∈ C n , x ′ = (x 1 , . . . , x 2n ). Moreover, the similarities of H n are generated by the isometries of H n together with the dilations δ r , r > 0.
Proof. To prove (i), fix k, 4 ≤ k ≤ n, as in the statement of the proposition, and consider the horizontal homogeneous subgroup V = {(x 1 , . . . , x k , 0, . . . , 0) ∈ H n : x 1 , . . . , x k ∈ R}. The restriction of d H to V coincides with the restriction of the Euclidean metric of R 2n+1 to V. Since C H ⊂ V we see that for x ∈ C H and r > 0,
where B E (x, r) denotes the Euclidean ball in R k with center x and radius r. By the result of Kowalski-Preiss, the set C H , equipped with the Euclidean metric, supports a (k − 1)-uniform measure. By (4.3) this measure is also (k − 1)-uniform for the Korányi metric restricted to C H . Part (ii) follows from part (i) and the following lemma.
Lemma 4.4. Let S ⊂ R n support an m-uniform measure µ for some m ∈ {0, 1, . . . , n}. Then (S × R, d) supports an (m + 2)-uniform measure, where d denotes the metric on R n+1 given in (1.5).
Proof. Let c > 0 be such that µ(B(x, r)) = cr m for all x ∈ S and r > 0. Consider the measure ν = µ ⊗ L 1 on S × R. For x = (x ′ , x 2n+1 ) ∈ S × R and r > 0 we use the Fubini theorem to derive
Hence ν is an (m + 2)-uniform measure on S × R. We first observe (cf. [?, Remark 2.5]) that a locally finite measure is uniformly distributed provided it is invariant under a group of isometries acting transitively on the support. More precisely, if a locally finite Borel measure µ has the property that for each x, y ∈ supp(µ) there exists an isometry Φ of (H 1 , d H ) such that Φ(x) = y and Φ # µ = µ, then µ is uniformly distributed. Following Kirchheim and Preiss, let us call such measures homogeneous. Recall that the isometries of H 1 are generated by left translations, rotations about the x 3 -axis, and the "horizontal reflection" ρ defined by ρ(x 1 , x 2 , x 3 ) = (x 1 , −x 2 , −x 3 ), and that the similarities of H 1 are generated by the isometries and the dilations δ r (x 1 , x 2 , x 3 ) = (rx 1 , rx 2 , r 2 x 3 ).
First we consider counting measure on finite sets. In the plane, uniformly distributed counting measures with finite support are supported on either the vertices of a regular polygon, or two regular m-gons lying on a common circle [?, Proposition 2.4]. We adapt this example to H 1 as follows. The proof of the result consists of applying the aforementioned homogeneity criterion.
Proposition 4.7. The restriction of counting measure to each of the following finite sets A, or its image under a similarity of H 1 , is uniformly distributed.
(i) A consists of the vertices of a regular polygon lying on the circle S 1 × {0} ⊂ H 1 , or two regular m-gons lying on S 1 × {0}.
(ii) For any given δ > 0, A consists of the vertices of a regular m-gon lying on the circle S 1 × {δ} together with the vertices of a regular m-gon lying on the circle S 1 × {−δ}.
A set A in a metric space (X, d) is called equilateral if d(x, y) is constant for all x, y ∈ A, x = y. It is clear that counting measure is uniformly distributed on each equilateral set. We investigate the equilateral subsets of (H 1 , d H ) . In contrast with the Euclidean case, there exist equilateral sets on which the isometries do not act transitively. It is interesting to observe that there exist non-homogeneous uniformly distributed measures in (H 1 , d H ) , cf. the question on p. 159 in [?] .
Every one or two point subset A ⊂ H 1 is trivially equilateral. The following proposition characterizes equilateral triangles in (H 1 , d H ) . Such triangles fall into three distinct classes: (i) two vertices lie on a vertical line, (ii) two vertices lie on a horizontal line, and (iii) no two vertices lie on either a horizontal or a vertical line. .
Proof. The fact that the sets in parts (i) and (ii) are equilateral is verified by a direct computation which we omit. Note that any two points of H 1 contained in a vertical line can be mapped by a similarity of H 1 onto the points (0, 0, 1) and (0, 0, −1). Similarly, any two points of H 1 contained in a horizontal line can be mapped by a similarity onto the points (1, 0, 0) and (−1, 0, 0). To finish the proof, we first confirm that any two points of H 1 which do not both lie on a horizontal line or both lie on a vertical line can be mapped by a similarity of H 1 onto the points u = (−x 0 , √ 3 2 , 0) and v = (−x 0 , − √ 3 2 , 0) for some x 0 > 0. By applying a left translation we may assume that one of the two points is the origin e = (0, 0, 0), while the other is of the form y = (y 1 , y 2 , y 3 ) with both y 2 1 + y 2 2 > 0 and y 3 = 0. We show that there exists x 0 > 0 and a similarity of H 1 which maps u and v onto e and y. First, left translate u and v by the inverse of u. This sends v to u −1 · v = (0, − √ 3, 2 √ 3x 0 ). Apply a suitable rotation about the vertical axis and dilate by ρ/ √ 3 > 0 to send the latter point to (ρ cos ϕ, ρ sin ϕ, (
We seek a solution in the variables ρ, ϕ and x 0 to the equations y 1 = ρ cos ϕ, y 2 = ρ sin ϕ and y 3 = (
)ρ 2 x 0 . Since y 2 1 + y 2 2 > 0 we may choose ρ = y 2 1 + y 2 2 > 0 and ϕ to satisfy the first two equations. Then selecting 2 . In this case the choice r = 1, θ = 0 and t = 0 is allowed in equations (4.10) and (4.9). Indeed, the vertices of the standard equilateral triangle in the horizontal plane {x 3 = 0} of H 1 remains an equilateral set in (H 1 , d H ), since this set is homogeneous in the sense of Kirchheim and Preiss.
A characterization of four point equilateral sets is likely tractable, however, we decline to carry out such an analysis here. We only remark that four point equilateral sets in H 1 do exist. For instance, consider the set {w, x, y, z} ⊂ H 1 where {x, y, z} denote the vertices of the standard equilateral triangle in the horizontal plane and w = (0, 0, w 3 ) for a suitable choice of w 3 > 0. Note that when w 3 = 0 the common distance from w to any of the points x, y or z is strictly smaller than the common mutual distance between x, y and z, while when w 3 → +∞ the common distance from w to x, y and z also tends to +∞. By continuity, there exists a choice of w 3 > 0 so that {w, x, y, z} is equilateral.
Question 4.12. Are there any equilateral five point subsets of (H 1 , d H )? Infinite discrete subsets of (H 1 , d H ) on which counting measure is uniformly distributed include the integer points in a horizontal or vertical line, or any similarity image of such a set. We do not know whether there are any other examples.
We turn to measures supported on curves. Of course, length measure along a horizontal line is a 1-uniform measure. The following proposition gives additional examples which are supported on nonhorizontal curves, either bounded or unbounded. We conjecture that there are no uniformly distributed measures in the first Heisenberg group which are supported on bounded horizontal curves.
Proposition 4.13. The restriction of S 2 H to each of the following sets A, or its image under a similarity of H 1 , is uniformly distributed.
(i) The unit circle A = S 1 × (0).
(ii) For each a < b, the set A = S 1 × {a, b}.
(iii) The set A consisting of the vertical lines passing through the vertices of a regular polygon lying on the circle S 1 × {0}, or the vertical lines passing through the vertices of two regular m-gons lying on S 1 × {0}.
Finally, we discuss measures supported on surfaces. The volume measure S 3 H restricted to a vertical hyperplane is 3-uniform. We give an additional example.
